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In this work, we have assessed the results of the local and nonlocal versions of Rousselier’s damage
model, which have been used here for simulation of ductile crack growth. There are several issues regard-
ing the accuracy of the results which has been addressed in this paper, e.g., accuracy in simulation of
crack path, extent and width of the damaged region, fracture resistance behaviour in situations such
as symmetric vs. non-symmetric boundary-value problems, mixed-mode loading vs. mode-I loading of
the crack-tip, etc. It was also observed that the shape and orientation of the elements at the crack-tip,
in addition to their size, inﬂuence the results of the local damage model. In this work, it was shown that
the above issues can be resolved through the use of nonlocal damage models. The predictions of the non-
local model are also consistent with the experimental observations unlike its local counterpart. Several
examples were presented, where the results as obtained by both the local and nonlocal models were
compared. From this experience, it is recommended that the local damage models should not be used
blindly by the analysts for all kinds of mesh design, loading, boundary conditions, etc.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
To guarantee a safe operation of plants and components, it is
absolutely necessary to be able to quantify the required safety
margins against failure. Although fracture mechanics has been very
successful as a design and analysis tool for engineers, the major
limitation is that: a single damage mechanism is considered in
the analysis. In this mechanism, the separation of the two surfaces
depends upon the associated energy dissipation which varies in a
direct proportion to their area. Similar deﬁciencies are also found
in the cohesive zone type of models though this can be formulated
as a coupled approach, whereas fracture mechanics parameters are
usually derived in an uncoupled fashion as a post-processing exer-
cise from an elastic or elastic–plastic analysis. An alternative ap-
proach consists in modelling the various damage mechanisms
(e.g., void nucleation, growth and coalescence in case of ductile
fracture) through appropriate constitutive relations depending on
the material under consideration (soil, concrete, metal, timber
and so on). Such constitutive relations have in common a strain-
softening property, which is the essential feature of damage accu-
mulation in the continuum.ll rights reserved.
: +91 22 25505151.
yahoo.com (M.K. Samal).The damage is considered as an internal state variable in contin-
uum damage mechanics models. It evolves with and is coupled to
the stress and strain ﬁeld. When damage reaches a critical value,
the material point looses the stress carrying capability, thus math-
ematically representing a crack. With the help of ﬁnite element
formulation, the deformation and failure processes in different
types of materials can be predicted with high accuracy by means
of such material damage constitutive models. The ‘‘Rice and Tracey
Model’’ (Rice and Tracey, 1969), the ‘‘Rousselier Model’’ (Rousse-
lier, 1987) and the ‘‘Gurson–Tvergaard–Needleman’s Model’’ (Gur-
son, 1977; Tvergaard and Needleman, 1984; Needleman and
Tvergaard, 1984) belong to these class of models which are suitable
for simulation of the ductile fracture process in metals. The Rice
and Tracey’s formulation is an uncoupled damage model whereas
the later formulations belong to the class of coupled models.
Numerous applications of the coupled damage models have been
documented in research literature in the last few years (Kussmaul
et al., 1995; Pitard-Bouet et al., 1999; Tanguy and Besson, 2002;
Pavankumar et al., 2005; Eberle et al., 2000). A detailed and very
recent review of the application of different types of continuum
damage mechanics models for ductile fracture, their advantages,
limitations, etc. can be found in Besson (2010).
Currently, most of these damage models are applied almost
exclusively in the context of local formulations. This implies that
Nomenclature
Symbols
A constant in the void nucleation model
Bu matrix containing the derivatives of the shape function
for the displacement variable
Bd matrix containing the derivatives of the shape function
for the nonlocal damage variable
clength characteristic length parameter of the nonlocal model
d nonlocal material damage
Cep, Ced, Cde, Cdd material tangent stiffness matrices
D Rousselier’s material constant
f void volume fraction
fb body force per unit volume
fm applied mechanical traction at the surface
f extm ﬁnite element vector containing contribution due to
external mechanical forces
f intd ﬁnite element vector containing contribution due equiv-
alent internal damage forces
fN void volume fraction at saturated condition of nucle-
ation
_f growth increment in void volume fraction due to growth
_f nucleation increment in void volume fraction due to nucleation
F potential for void volume fraction increment
G shear modulus of elasticity
Ha internal state variables in the constitutive model
I Kronecker-Delta (second order Identity tensor)
J fourth order Identity tensor
J0 J  II3
K bulk modulus of elasticity
Kuu; Kud; Kdu; Kdd components of ﬁnite element stiffness matrix
l characteristic length of the process region
Nu shape function matrix for the displacement variable
Nd shape function matrix for the nonlocal damage variable
p hydrostatic pressure
q von-Mises equivalent stress
R(eeq) material resistance as a function of equivalent strain
sij deviatoric part of Cauchy stress rij
sN standard deviation of void nucleation strain
ts Cauchy’s surface traction
~x; ~y positions vectors of a material point
u generalised displacement at a material point
u0 prescribed displacement at Dirichlet boundary
Greek letters
W Gaussian weight function
X domain of integration
C surface of domain X
rij Cauchy stress tensor
eij Green-Lagrange’s strain tensor
r2 Laplacian operator
/ yield function of the material
req von-Mises equivalent stress
eeq von-Mises equivalent strain
r gradient operator
r  r divergence of Cauchy stress r
njCf normal to the boundary Cf
njCd normal to the boundary Cd
eN mean value of strain for void nucleation
_e increment of total strain
_ep increment of plastic strain
_ee increment of elastic strain
_ep increment of plastic strain
rk Rousselier’s material constant
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such as stress and strain at the material point of interest. Unfortu-
nately, it can lead to ill-posedness of the boundary value problem
(Rudnicki and Rice, 1975; Benallal et al., 1993). As a consequence,
an inﬁnite number of localised solutions emerge, where the strain
and the damage ﬁelds concentrate in bands of zero thickness.
Physically, the fracture occurs with zero dissipated energy, which
is against the experimental observation and is not acceptable as
a mathematical solution (Bazˇant et al., 1984; Bazˇant and Bely-
tschko, 1987). When implemented in a numerical framework, the
computations exhibit a spurious mesh-dependence. Although, the
narrow localisation bands are indeed observed experimentally,
these are of ﬁnite thickness; depending upon the type of material
(and not of zero thickness which can be obtained because of an
ill-posed numerical solution). In conjunction with ﬁnite element
formulation, the damage localises at the integration points in the
individual element layer. Consequences of this localisation are:
 The results become mesh-dependent as the width of the strain
localisation directly depends on the size of the individual ﬁnite
elements.
 A simulated crack grows from integration point to integration
point. This results in the dependence of the crack growth on
the orientation of the ﬁnite element mesh.
 Almost all the specimens (especially, the fracture mechanics
specimens) are symmetric to the expected crack plane. In ﬁnite
element calculations, this symmetry is usually exploited and
hence, only the half of the specimen is included in the geomet-
rical model. In local damage mechanics calculations, this dam-
age tend to localise at the integration points. As a
consequence, the predicted crack moves through the interiorof the element (and not along the element borders as expected)
and not in the symmetry plane. This is in contradiction to
experimental observation where the crack propagation path is
on the element borders (and not through the element) in a sym-
metrically loaded specimen.
An engineering approach to solve this problem is to introduce
the element size as an additional material parameter. Many
authors (Rousselier, 1987; Sun et al., 1989; Seidenfuss et al.,
1998) suggest to couple the mesh size directly to the mean dis-
tance between the inclusions leading to the primary voids. Numer-
ous applications (Kussmaul et al., 1993; Krieg and Seidenfuss,
2003; Pavankumar et al., 2005; Nonn and Kalwa, 2010) show that
the geometry and size effects on the crack growth and failure
behaviour could be predicted well with a ﬁxed mesh size. An
improvement of this procedure was proposed recently by Huespe
et al. (2009) by embedding a weak discontinuity band of ﬁxed
width in the damaged region.
Extensive work has been undertaken by various researchers
with the purpose of controlling the dissipated energy, either by
introducing a dissipated energy term in the surface (Simo and Oli-
ver, 1993), or by taking into account of the viscous phenomena
(Anand et al., 1987; Needleman, 1988). Another way to ensure that
the dissipated energy remains ﬁnite is achieved by introducing a
so-called characteristic length which is thought to regularize the
problem and to lead to a nonzero thickness of the localisation
bands. The regularized methods can be either to the equilibrium
equations or to the constitutive equations. The former method be-
longs to the class of generalised media, which are known by vari-
ous names, i.e., theories of micropolar elasticity (Eringen, 1966),
higher gradient theories (Mindlin and Eshel, 1968) and theories
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new deﬁnition of the stress ﬁeld in the structure, and require the
use of additional kinematic boundary conditions. On the contrary,
the latter method extends only the constitutive relations. Various
methods have been proposed, based either on average quantities
depending on the internal variables (Bazˇant and Pijaudier-Cabot,
1988) or on the gradients of the internal variable (Aifantis, 2001;
Mühlhaus and Aifantis, 1991; Ganghoffer et al., 1999; Lorentz
and Andrieux, 1999; Geers et al., 1998; Peerlings, 1999; Peerlings
et al., 2002; Reusch et al., 2003a,b; Svendsen, 1999; Samal et al.,
2007, 2008; de Sciarra, 2009; Poh and Swaddiwudhipong, 2009;
Pan and Yuan, 2009; Cazes et al., 2009; Belnoue et al., 2010; Rette-
nmeier, 2009).
The ﬁrst group of models depend upon the regularization of the
internal variables. It is mainly based on the work of Bazant and
Pijaudier-Cabot (Bazˇant and Belytschko, 1987; Bazˇant and Pijau-
dier-Cabot, 1988). These authors have suggested that the material
damage or other internal variables be deﬁned in a nonlocal form by
averaging the local variable over a representative volume or mate-
rial characteristic volume. This method is used by Leblond and his
co-workers (Leblond et al., 1994) to formulate a nonlocal version of
the Gurson–Tvergaard–Needleman’s (GTN) model (Gurson, 1977;
Tvergaard, 1981; Chu and Needleman, 1980; Tvergaard and Nee-
dleman, 1984). They use the material porosity or void volume frac-
tion as the nonlocal variable. This model was later used by
Tvergaard and Needleman (Tvergaard and Needleman, 1995) and
modiﬁed recently by Enakoutsa et al. (2007). To implement this
approach in the frame of ﬁnite elements, extensive programming
effort is needed. It is due to the fact that the integration of the cho-
sen state variable must be done over several elements (or Gauss
points) located around an integration point or Gauss point. This
is not an easy task for the users of commercial ﬁnite element codes,
as users do not have access to the values of the state variables of
other surrounding Gauss points when programming inside a
user-deﬁned material subroutine (UMAT). In practice, often a sim-
pliﬁed integration or averaging of the state variable is done at the
end of an equilibrium increment (Mediavilla et al., 2005).
The secondgroupofmodels solve the integralneeded for the aver-
aging by introducing gradients of the internal variables (Bazˇant et al.,
1984; Aifantis, 1992; Aravas, 1998; Geers et al., 2000). The general
method is described in detail in Section 2. Several nonlocal formula-
tions of the Gurson and GTN model based on gradient formulations
are known (Aravas, 1998; Feucht, 1998; Reusch, 2003; Reusch
et al., 2003a,b). The implementation of this approach in a commercial
ﬁnite element code could be done through a user-deﬁned-element
subroutine (UEL) with appropriate additional degrees of freedom.
Damage models suggested, for example, by McClintock
(McClintock, 1968), Rice and Tracey (Rice and Tracey, 1969) and
Gurson (Gurson, 1977) are derived on a pure micromechanical ba-
sis. The models from McClintock and Rice and Tracey belong to the
so called uncoupled models were the porosity does not inﬂuence
the mechanical behaviour. Due to this, localisation does not take
place as there is no material softening included in the constitutive
equations. On the other hand, the damage inﬂuences the material
behaviour directly in the original Gurson model (Gurson, 1977)
by means of the constitutive equations. However, this model is
not able to predict the experimental observations very well (Tverg-
aard, 1981; Besson, 2010). Due to this, the model was modiﬁed by
Tvergaard by introducing the additional ‘adjusting parameters’
(Tvergaard, 1981) to get better predictions of the shear band exper-
iments. Due to these additional parameters, the micromechanical
background is in some way lost from the model. It is also reported
by Kim et al. (2004) that the q-parameters of the GTN model are
inﬂuenced by the multiaxiality of the stress state, which makes
the transferability of the model and its parameters to different
loading conditions questionable.The Rousselier model was derived from a thermodynamical ap-
proach suggested by Lemaitre and Chaboche (1978). But, indeed, it
is also a micromechanical based model. Often it is not known that
Rousselier uses the Rice and Tracey’s void evaluation law (Rice and
Tracey, 1969) for the derivation of his model. In many publications,
it is shown that goodpredictionsof experimental observations could
be made by using the local form of the Rousselier model (Kussmaul
et al., 1993; Poussard and Seidenfuss, 1997; Tanguy and Besson,
2002; Krieg and Seidenfuss, 2003; Pavankumar et al., 2005).
In this work, a nonlocal formulation of the Rousselier’s model
(developed earlier by the authors, i.e., Samal et al., 2008) will be
presented. In this new formulation, the damage gradient is addi-
tionally included in the constitutive equations for delocalisation
of the damage. It was shown that the additional partial differential
equation involving the gradient of damage rate could be derived
from the integral deﬁnition of the nonlocal parameter when the
symmetric Gaussian weight function is used in the averaging pro-
cedure. The use of the nonlocal Rousselier’s damage model leads to
simulation of a physically relevant damage localisation/delocalisa-
tion process. As a consequence, the results have been shown to be
independent of ﬁnite element mesh size and design. The width of
the zone for damage localisation is a material property and is intro-
duced here in the formulation through an additional parameter,
i.e., Clength. For stress and strain measures, the local deﬁnitions
are still kept in the formulation. For calculation of the damage gra-
dient, the damage has to be included as additional degree of free-
dom in the ﬁnite element model. This necessitates the introduction
of a used-deﬁned element (UEL) through the user-deﬁned-element
subroutine interface in commercial codes. In this work, the new
model has been implemented through a user-deﬁned element in
the commercial ﬁnite element code ANSYS (ANSYS Inc, 2007).
Subsequently, a critical assessment of the results of both the lo-
cal and nonlocal damage models has been carried out in the con-
text of various types of mesh designs (ahead of the crack tip),
loading and boundary conditions. Experiments have also been car-
ried out on different fracture mechanics specimens and the results
of simulations have been compared with those of experiment. It
was observed that the predictions of the local damage model (ex-
tent of ductile crack growth as well as crack path) are unrealistic in
many situations such as full scale simulations of the specimen
geometry (i.e., without the use of symmetric boundary conditions),
use of elements with inclined edges along the crack plane (i.e., the
crack tends to follow the Gauss points along the element edges in
case of simulation using local damage models) and crack loaded in
the mixed-mode state of loading, etc. It was also demonstrated
that the nonlocal Rousselier’s model has been able to overcome
these problems successfully and the results of this model compare
very well with those of experiment.
The paper is organised in ﬁve sections. The concept of nonlocal
regularization scheme for the damage variable has been discussed
in Section 2. The aspects of ﬁnite element implementation of the
nonlocal Rousselier’s model as a user-element in commercial code
ANSYS has been brieﬂy discussed in Section 3. Various types of
fracture mechanics specimens with different types of loading and
boundary conditions (which are analysed in this work) have been
listed in Section 4. A detailed discussion of the results obtained
from the use of both the local and nonlocal damage models, their
comparison with experimental data, etc. have been presented in
this section followed by the concluding remarks in Section 5.2. Nonlocal regularization of material damage
As discussed in the previous section, the results of analysis
using a local damage model are dependent on size of discretization
used in the numerical treatment. Due to onset of damage, material
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governing differential equation [e.g., loss of ellipticity for elasto-
static problems and loss of hyperbolicity for elasto-dynamic prob-
lems (Reusch et al., 2003a)]. When the microscopic aspects of
material damage are considered, it can be realised that damage
development in a microstructure is not strictly a point-function.
It depends upon the state of stress, strain and damage of surround-
ing regions also due to the underlying microstructure.
It is a well known fact that the ductile fracture in metallic alloys
is mainly governed by the processes of void initiation, growth and
coalescence. It was possible to show that the width of the localisa-
tion zone can be coupled to the micro-structural quantities govern-
ing these effects like the mean distance of the primary voids
leading to fracture (Seidenfuss, 1992; Poussard and Seidenfuss,
1997; Pardoen et al., 1998; Seidenfuss et al., 1998).
Hence, we need a regularization technique where the damage
development in a material point will be coupled to the state of
damage of the surrounding points in a region with a characteristic
dimension, which depends upon the material of interest. Such a
scheme is outlined in Fig. 1 and this ﬁgure shows the importance
of consideration of the inﬂuence of surrounding points in a charac-
teristic volume X on the damage development at a material point.
The value of the weight function assigned the points, which are
nearer to the point under consideration, should be higher and it
should diminish exponentially with distance from the above point.
Such a weightage scheme is shown in Fig. 1 which is the symmetric
Gaussian weight function W. The increment of the nonlocal vari-
able in a material point ~x, i.e. the increment of nonlocal void vol-
ume fraction _d, is mathematically deﬁned as a weighted average
of the increment of the local void volume fraction _f in a domain
X [Fig. 1], i.e.,
_dð~xÞ ¼ 1
Wð~xÞ
Z
X
Wð~y;~xÞ _f ð~yÞdXð~yÞ ð1Þ
where ~y is the position vector of the inﬁnitesimally small volume
dX. In this work, the regularization treatment is performed on the
damage rate and not on the damage. This has been done in orderFig. 1. Regularization of the internal variable ‘f’ through a Gaussian weighted
integral in a characteristic volume X.to make it convenient for use in the subsequent incremental nonlin-
ear FE formulation of the problem. The functionWð~y;~xÞ is the Gauss-
ian weight function given by
Wð~y;~xÞ ¼ 1
8p3=2l3
exp  j~x~yj
2
4l2
 !
ð2Þ
and the normalisation factor is the integral of the Gaussian weight
function, i.e.,
Wð~xÞ ¼
Z
X
Wð~y;~xÞdX ð3Þ
The length parameter l determines the size of the volume, which
effectively contributes to the nonlocal quantity and is related to
the scale of the microstructure. The above integral nonlocal kernel
holds the property that the local continuum is retrieved if l? 0.
By expanding _f ð~yÞ in Taylor’s series around the point x, we get
_f ð~yÞ ¼ _f ð~xÞ þ @
_f
@xi
ðyi  xiÞ þ
1
2!
@2 _f
@xi@xj
ðyi  xiÞðyj  xjÞ
þ 1
3!
@3 _f
@xi@xj@xk
ðyi  xiÞðyj  xjÞðyk  xkÞ
þ 1
4!
@4 _f
@xi@xj@xk@xl
ðyi  xiÞðyj  xjÞðyk  xkÞðyl  xlÞ
þ O @
5 _f
@xi@xj@xk@xl@xm
 !
ð4Þ
where Einstein’s summation convention applies to the indices i, j, k
and l. Substituting Eq. (4) into Eq. (1), we get
_dð~xÞ ¼ _f ð~xÞ þ Clengthr2 _f ð~xÞ þ Oðr4 _f Þ ð5Þ
where the Laplacian operator is deﬁned by r2 ¼Pi @2@x2
i
, r4 = (r2)2,
etc. The gradient parameters Clength and dlength have the dimensions
of length to an even power and the odd derivatives of Eq. (4) vanish
due to the nature of the Gaussian weight function of Eq. (2) when
substituted in Eq. (1). Taking the Laplacian of Eq. (5), we obtain
r2 _dð~xÞ ¼ r2 _f ð~xÞ þ Clengthr4 _f ð~xÞ þ Oðr6 _f Þ ð6Þ
Replacing r2 _f ð~xÞ in Eq. (5) by Eq. (6), we obtain Eq. (7) when the
terms containing r4 _f ð~xÞ and other higher order terms are
neglected.
_d _f  Clengthr2 _d ¼ 0 ð7Þ
The above Eq. (7) is the diffusion equation for damage and the
increment of the nonlocal variable ‘d’ is linked to the increment of
local void volume fraction ‘f’ though a characteristic length param-
eter ‘Clength’ and the Laplacian of increment of nonlocal damage ‘d’.
This is an implicit description of damage diffusion and it needs to be
solved along with the mechanical equilibrium equation as discussed
in the following section.
3. Finite element implementation of nonlocal Rousselier’s
model
For numerical simulations, a nonlocal form of the material yield
surface has been constructed from the classical Rousselier’s model
(Rousselier, 1987) as shown in Eq. (8) below. In this yield function,
the void volume ‘f’ is replaced by the nonlocal material damage ‘d’
as
/ ¼ q
1 dþ Drkd exp
p
ð1 dÞrk
 
 R epeq
 
¼ 0 ð8Þ
where p and q are the hydrostatic pressure and von Mises equiva-
lent stress respectively, D and rk are the Rousselier’s constant, R
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of von Mises equivalent plastic strain epeq: R epeq
 
is material true
stress vs. true plastic strain curve which is usually obtained from
the standard tensile tests.
The equilibrium equation in the continuum to be solved along
with the damage diffusion equation (7) is written as
r:rþ fb ¼ 0 ð9Þ
The associated boundary conditions are
r:njCf ¼ fm ð10Þ
ujCu ¼ u0 ð11Þ
r _d:njCd ¼ 0 ð12Þ
where rij is the Cauchy stress tensor and fb is the body force per unit
volume and fm is the applied mechanical traction at the surface. Eq.
(10) is the traction or force boundary condition, njCf is the normal to
the boundary Cf, Eq. (11) is the geometric or essential displacement
boundary condition and Eq. (12) is the Neumann or force boundary
condition for the damage degree of freedom and njCd is the normal
to the boundary Cd of the domain Xt+Dt. In our analysis, we employ
an incremental procedure and use the updated Lagrangian formula-
tion to express the equilibrium conﬁguration of the body. Assuming
additive decomposition of total strain increment into elastic _ee and
plastic _ep parts, we can write
_e ¼ _ee þ _ep ð13Þ
The yield function can be written in terms of mean hydrostatic and
deviatoric parts of stress tensor and other ﬁeld variables as
/ðp; q;Ha;dÞ ¼ 0 ð14Þ
where Ha is internal state variable, e.g., variable representing hard-
ening. The increase in void volume fraction (due to combined void
nucleation and growth process) during plastic deformation in the
ductile fracture process can be written as a functionF, i.e.,
Fðp; q;Ha;dÞ ¼ _f ¼ _f growth þ _f nucleation ¼ ð1 dÞ _ep : I þ AðeeqÞ _eeq
ð15Þ
where _ep is the increment in plastic strain tensor ep, I is the tensor
equivalent to Kronecker-Delta function, _eeq is the increment in
equivalent plastic strain of the matrix material and A is the void
nucleation constant which obeys Gaussian distribution (as a func-
tion of eeq) and can be expressed as
AðeeqÞ ¼ fN
sN
ﬃﬃﬃﬃﬃﬃ
2p
p exp 1
2
eeq  eN
sN
 2 !
ð16Þ
The constitutive behaviour of the new material model can be ﬁnally
obtained in the following forms (i.e., increment of stress tensor andFig. 2. An arbitrary region mapped into 4-noded master elemincrement of void fraction potential) as functions of increment of
total strain tensor and damage variable
@r ¼ Cep : @eþ Ced : @d ð17Þ
and
@F ¼ Cde : @eþ Cdd : @d ð18Þ
where the material tangent stiffness matrices can be deﬁned as
Cep ¼ 2G qqtr J
0 þ Kð1mplÞII
þ 4
3
G 1 q
qtr
 3
2
mqn
 
nn 2GmqlnI  KmpnIn
Ced ¼ 2Gmqdn KmpdI
Cde ¼ Cd11ðmplI þmpnnÞ þ Cd12ðmqlI þmqnnÞ þ Cd13nþ Cd14I
Cdd ¼ Cd11mpd þ Cd12mqd þ Cd15 ð19Þ
In the above expression, J is the fourth order unit tensor and
J0 ¼ J  II3. The details of the derivation and the coefﬁcients of Eq.
(19) can be found in Samal et al. (2008). For implementation of
the above model in a ﬁnite element framework, the weak forms
of the governing equations are expressed in the updated Lagrangian
setting as
tþDtR ¼
Z
tþDtX
tþDtfbiduid
tþDtXþ
Z
tþDtCf
tþDttsiduid
tþDtCf ð20Þ
andZ
X
d _dð _d _f  Clengthr2 _dÞ:dX ¼ 0 ð21Þ
respectively. Expressing the generalised displacement, strain and
damage vectors at any material point inside the ﬁnite element in
terms of the generalised nodal variables (u^ and _^d) as [Fig. 2]
u ¼ Nuu^; tþDte ¼ Buu^
_d ¼ Nd _^d r _d ¼ Bd _^d
ð22Þ
where Nu and Nd are the shape function matrices for the displace-
ment and nonlocal damage variable, Bu and Bd are matrices contain-
ing the derivatives of the shape function Nu and Nd respectively.
Expanding Eqs. (20) and (21), using consistent material matrices
from Eq. (19) and substituting the expressions for u; tþDte; _d and
r _d from Eq. (22), we get the following equations
dðDu^ÞT
R
X B
T
uCepBu dX
 
Du^þ RX BTNLtþDtrBNL dX Du^þ RX BTutþDtrBNL dX 
þ RX BTuCedNd dX  _^d RXNTufbdX RCNTutsdC
2
664
3
775¼ 0
ð23Þent with damage as an extra nodal degree of freedom.
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Fig. 3. True stress-strain curve of the steel 22NiMoCr3-7 at room temperature.
Table 1
Material dependent parameters needed for the local and nonlocal damage model,
material DIN 22NiMoCr3-7.
Model
parameter
D rk f0 fc ff Clength E m
Value 2 445 MPa 0.0003 0.05 0.3 0.05 mm2 210 GPa 0.3
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where ts is the surface traction and is given as ts ¼ r:njCf (Cauchy’s
traction law), t + Dtr is the matrix and t + Dtr is the vector containing
Cauchy’s stress components at time t + Dt and BNL is the nonlinear
strain-displacement transformation matrix. For arbitrary value of
dðDu^ÞT and d _^dT , the terms inside the brackets of Eqs. (23) and (24)
should be zero and hence these equations reduce to the set of ﬁnite
element algebraic equations, which can be written in convenient
(matrix) form as
A
Kuu þ KNL Kud
Kdu Kdd
	 

Du^
Dd^
  
¼ A f
ext
m  f intm
f intd
( ) !
ð25Þ
where A is the assembly operator which is used to assemble to ele-
ment stiffness matrices and the matrices and force vectors of all the
elements in the domain X. The domain and boundary of each ele-
ment are represented byXe and Ce respectively. Hence the element
level stiffness and force vectors can be written as
Kuu ¼
Z
Xe
BTuCepBu  dX; KNL ¼
Z
Xe
BTNL
tþDtrBNL  dX
Kud ¼
Z
Xe
BTuCedNd  dX; Kdu ¼ 
Z
Xe
NTdCdeBu  dX
Kdd ¼
Z
Xe
NTdNd  dX
Z
Xe
NTdCddNd  dXþ
Z
Xe
BTdClengthBd  dX
f extm ¼
Z
Xe
NTufbdXþ
Z
Ce
NTutsdC; f
int
m ¼
Z
Xe
BTu
tþDtr  dX
f intd ¼
Z
Xe
NTd
tþDt _d  dX
Z
Xe
NTd
tþDt _f  dXþ
Z
Xe
BTdClengthrtþDt _d  dX
ð26Þ
where the left superscript ‘t + Dt’ refers to the quantities at the end
of current time step [and the values are at the previous iteration
process (i  1)] of the incremental nonlinear ﬁnite element analysis.
When the iteration process converges, the values of the variables at
iteration steps i and (i  1) also converge. The assembled global FE
equations are solved for the global degrees of freedom when we
specify the required boundary and loading conditions. It may be
noted that the assembled (i.e., global) internal damaged force vec-
tors of the elements becomes a null vector. The stiffness terms
Kud, Kdu and Kdd in the element stiffness matrix are contributions
of the new nonlocal formulation.
4. Results and discussion
The programming and simulation efforts for a non local damage
model are considerably higher than those required for a corre-
sponding local model. However, there are obvious advantages of
the nonlocal formulation and these will be discussed in this section
in the context of simulation of a wide variety of fracture mechanics
specimens. The following calculations were made with both local
and nonlocal models to compare the results and discuss the prob-
lems associated with the local formulations.
 Simulation of a C(T) specimen with different element sizes
(near the crack-tip) for studying the inﬂuence of the mesh size
on the response.
 Simulation of a C(T) specimen for verifying the dependence of
the results on symmetry assumptions. Simulation of a SEB specimen with different element orienta-
tions to verify the inﬂuence of the element orientation on the
predicted crack growth direction.
 Simulation of a CTS specimen (Richard’s mixed-mode speci-
men; Richard and Benitz, 1983) to study the inﬂuence of
mixed-mode loading on the predicted crack growth.
To be able to evaluate the results of the nonlocal damage model,
the results were compared with the simulated results obtained
with the local damage model. Selected results were also compared
with available experimental measurements (Seidenfuss and Roos,
2004; Roos et al., 2005).4.1. Material properties for the German pressure vessel steel DIN
22NiMoCr3-7
For all the calculations performed in this work, the material
properties of the low-alloyed German pressure vessel steel DIN
22NiMoCr3-7 were used. The material true stress-strain curve used
in this work is shown in Fig. 3. The other material dependent dam-
age parameter such as rk, D, f0 and fc were taken from a preceding
research project (Krieg and Seidenfuss, 2003) and these are listed
here in Table 1. These parameters were earlier determined for
the local Rousselier’s model. The same values of the parameters
are used for the nonlocal model as well, except the characteristic
length parameter Clength which is used in the nonlocal models. It
has been later shown that this parameter is also related to the crit-
ical length parameter lc (which is related to size of mesh at the
crack-tip in case of local damage models). In the simulations car-
ried out in the present work, the void nucleation law, i.e., Eq.
(16), is not used. Due to the experimental and numerical observa-
tions (Krieg and Seidenfuss, 2003; Seebich, 2007) it is assumed that
the whole initial void volume f0 is generated at the onset of plastic
deformation.
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models are used, is not an easy task. In case of the local Rousselier’s
damage model, crack initiation or material damage at a material
point is assumed when the calculated void volume fraction reaches
the critical value fc. At this state, the values of stress components at
the material point under consideration are negligibly small com-
pared to the undamaged material point in front of it which may
be considered as the current crack-tip. Due to this simpliﬁed mod-
el, a crack is assumed at all integration points were fc is reached.
For calculating the damage gradient in the nonlocal model, a stea-
dy ﬁeld ‘d’ is favourable. In order to simulate the rapid reduction in
material stress carrying capacity after void coalescence (f > fc), the
void volume fraction is accelerated using the Tvergaard–Needle-
man expression (Tvergaard and Needleman, 1984), i.e.,
f  ¼ fc þ
f u  fc
 
ðff  fcÞ ðf  fcÞ ð27Þ
After f reaches fc, it is substituted by f⁄ in the material constitutive
equations. When the value of f⁄ reaches 0.5, the material point load
carrying capacity is drastically low and hence, the material harden-
ing parameter is set to zero.
From metallographic observations (Thomason, 1998), it was
seen that the porosity given by the ff value is unrealistically high.
Due to this, it is assumed that a crack occurs when the void volume
fraction reaches the value of fc at a material point. This is also in
line with the procedure used in case of the local formulation. For
the nonlocal simulations, this should give an upper bound solution
in an engineering sense. The nonlocal damage parameter Clength
characterises the size of the volume used for the averaging of the
void volume fraction f [Fig. 1]. Reusch et al. (2003b) suggest the fol-
lowing dependence of Clength from the mean distance lc of the pri-
mary inclusions, i.e.,
Clength  l
2
c
4
ð28Þ
For the steel 22NiMoCr3-7, there are no detailed examinations of the
speciﬁc sizes and distances of the inclusions leading to the primary
voids which govern the fracture process. Scanning electron micros-
copy (SEM) fractographs [Fig. 4], obtained from the fracture surface
of a round notched tensile bar indicate that the distance ‘lc’ between
the primary voids is more than 0.1 mm. Numerical calibration of the
critical distance lc for the local model gives a value of 0.2 mm (Krieg
and Seidenfuss, 2003). For similar materials, similar lc can be found
in literature: lc = 0.063 mm (Sun et al., 1989), lc = 0.15 mm (Feucht,
1998), lc = 0.25 mm (Besson, 2010), lc = 0.2 mm (Nonn and Kalwa,Fig. 4. SEM picture of the fracture surface of a round notched tensile bar made from
the material 22NiMoCr3-7.2010). For the following computations, a Clength value of 0.05 mm2
is used. Question arises regarding the extent of the applicability of
Eq. (28) to predict reliable values of the parameter Clength, which
may be obtained on the basis of the mean distance values (lc) be-
tween the dominant inclusions in the materials. This may be re-
solved by further detailed experimental and numerical
investigations and it is a scope of future research for us.
4.2. Inﬂuence of the element size on the predicted failure behaviour
As already discussed in the introduction, the local models pre-
dict the localisation of strain and thus damage in just one element
layer. As a result, the damage zone is wider in case of a coarse mesh
in comparison to a ﬁne mesh and hence, the results are mesh-size
dependent. In practice, this problem is usually avoided by linking
the ﬁnite element mesh directly to the microstructure and by
keeping the absolute element size constant for all the calculations.
However, this mesh size can become too coarse to be used in sim-
ulation involving small specimens or regions having steep stress
gradients. This problem is eliminated in the nonlocal formulation
due to introduction of the material parameter Clength in the consti-
tutive equation as discussed in Section 2.
In order to verify this, a compact tension specimen was ana-
lysed with different mesh sizes near the crack tip. The specimen
is denoted as C(T)25 and has a thickness B of 25 mm and with a
width W of 50 mm. The specimen is 20% side grooved and the a/
W ratio of 0,52 is used in this simulation, Fig. 5(a). For the calcula-
tion, 8-node iso-parametric elements with reduced integration or-
der were used, assuming plane strain conditions. A typical FE mesh
with symmetric boundary and loading conditions used for the C(T)
specimen is shown in Fig. 5(b).
In the region of the crack tip, quadratic elements with different
edge lengths (i.e., 0.1 mm, 0.2 mm and 0.4 mm) were used. For the
local calculation, the damage zones for the meshes with edge
lengths of 0.1 mm, 0.2 mm and 0.4 mm are shown in Fig. 6(a)–
(c). The localisation of the damage in one element layer can be seen
clearly from the results.
For the simulations with the nonlocal model the same meshes,
boundary conditions and material parameters were used. The only
two differences were the introduction of the internal length Clength
and a full integration scheme for the used elements. Considering
the damage distribution calculated with the nonlocal model, it
was observed that the width of the localisation zone is almost
independent from the selected mesh size, Fig. 6(d)–(f). Due to
the introduction of the internal length parameter Clength into the
constitutive equations the nonlocal formulation of the Rousselier
model can overcome the pathological mesh dependence. The
restriction here is of course that the size of the used elements must
be small enough to model the localisation zone. Feucht (1998) sug-
gested that the element size should be at least double of the inter-
nal length lc calculated from Clength, Eq. (28).
In Fig. 7, the calculated load-deformation behaviour of the C(T)
specimen for the different element sizes is presented. The results
from the local model show a strong dependence of the calculated
loads on the ﬁnite element mesh size. This is due to fact that, the
damaged zone in the ﬁne mesh is much narrower than in the
coarse one. A narrow damage zone however means a ‘sharper
’crack and a higher crack tip loading and this results into prediction
of an accelerated crack growth. This accelerated crack growth leads
to an earlier load drop in the load displacement behaviour as can
be observed from Fig. 7.
The calculations with the nonlocal model show a load deforma-
tion behaviour which is nearly independent of the mesh size
[Fig. 7]. With this model the failure behaviour of the C(T) specimen
could be predicted very accurately and it is independent of mesh
size.
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Fig. 5. Details of the C(T) specimen used in this work. (a) Geometric, boundary and loading conditions; (b) ﬁnite element mesh (one-half of the specimen has been modelled
due to symmetry in the loading and boundary conditions).
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simulation
Often, laboratory specimens and non complex components are
built up and loaded symmetrically. For example, in the case of a
C(T) specimen, it is sufﬁcient to model and simulate half of the
specimen, Fig. 5(b), if the boundary conditions are selected appro-
priately. If the mesh size and the Rousselier material parameters
(as given in Table 1) are adjusted to the problem, the experimen-
tally observed load displacement behaviour could be predicted
accurately with the half model, Fig. 8. Nevertheless, if the same
mesh size and parameters are chosen, the local model is not able
to calculate the deformation behaviour with the full model (i.e.,
without the use of symmetric boundary conditions). The predicted
loads are smaller than the ones from the calculation with the half
model, Fig. 8. If the nonlocal formulation is used, the results are the
same for both the full and the half model of the C(T) specimen,
Fig. 8.In the local formulation, the void volume fraction controls the
softening of thematerial. In the context of ﬁnite element modelling,
thevoidvolume is calculatedat the integrationpoints of theelement.
Due to the localisation causedby the softening, the void volume frac-
tion localises in one layer of integration points. For engineering
applications, the highly damaged integration point layer can be
equated with a macroscopic crack. When taking into account of the
symmetry of a specimen or a component by appropriate boundary
conditions, the crack runs above the symmetry line because the loca-
tion of the integration points are not exact on the symmetry line. If
we apply the geometrical boundary conditions to the predicted re-
sults, the crackon theupper half ismirrored to the ‘virtual’ lowerhalf
of the specimen. Thismeans that virtually two cracks in two integra-
tion-point layers are running when using symmetric boundary con-
dition to model only the half specimen. When simulating the full
specimen by the local model (i.e., both the upper and lower halves
of thespecimenare included in thediscretization), the crackalso gets
localised in only one layer of integration points Fig. 9(a), and not in
Fig. 6. Damage zone as predicted by the local and nonlocal Rousselier’s damage model for various mesh sizes. (a) Local model with 0.1 mm mesh size; (b) local model with
0.2 mm mesh size; (c) local model with 0.4 mm mesh size; (d) nonlocal model with 0.1 mm mesh size; (e) nonlocal model with 0.2 mm mesh size; (f) nonlocal model with
0.4 mm mesh size.
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with the local model for the half specimen or symmetric FE mesh.
In practice, this is not a problem for simulation as the model
dependent parameters are also determined corresponding to the
usage of symmetric boundary conditions. If the nonlocal formula-
tion is used, the results are the same for both the full and the half
model, Fig. 8. The predicted crack is also shown to propagate ex-
actly on the symmetry plane, Fig. 9(b). This is due to the major
advantage of the nonlocal formulation, where the macroscopic
softening behaviour is no longer governed by a single row of local-
ised integration points. It may also be noted that the free surfaces
and surfaces with symmetric boundary conditions act like Neu-
mann boundary conditions for the damage degree of freedom be-
cause the gradient of damage is zero at the symmetric boundary
condition as well as the free surface. This is because of the use of
Eq. (12) in solution of the boundary value problem.
4.4. Inﬂuence of the element orientation on the calculated crack
growth direction
Normally, the laboratory specimens are designed to be symmet-
ric. When ﬁnite element simulations are carried out for these spec-imen types, the mesh is normally designed in such a way that the
element borders are parallel to the symmetry plane (which is iden-
tical to the crack growth direction for plane strain loading condi-
tion). This means, the element borders are parallel to the
expected crack growth. In order to clarify this point, the analysis
of a three point bend (TPB) specimen (Fig. 10) is presented here.
In Fig. 11(a) such a mesh of the TPB specimen is shown. The mesh
is perfectly symmetric to the symmetry plane. However, it is not
essential to design the ﬁnite element mesh such that the element
edges are always parallel to the crack growth direction. On the
other hand, the initial crack planes in real components may not
also be necessarily symmetrically located. For such components,
the crack growth direction cannot be predicted in advance without
numerical simulations. The element borders of such components
may not necessarily be located parallel to the crack growth direc-
tion as shown in Fig. 11(b).
In the following discussion, the results of numerical simulation
are presented for both the local and nonlocal damage models when
such a non-symmetric mesh is used and the results are compared
to the case when the symmetric mesh [Fig. 11(b)] is used in the
simulation. For the analysis which uses symmetric mesh design,
the predicted crack growth paths of the local and the nonlocal
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Fig. 7. Inﬂuence of ﬁnite element mesh size on the predicted load deformation behaviour of the C(T)-specimen.
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Fig. 8. Inﬂuence of symmetry conditions on the predicted load displacement behaviour of the C(T)-specimen.
Fig. 9. Damage zone as predicted by (a) the local formulation and (b) the nonlocal formulation for the full model of the C(T) specimen, i.e., without the use of symmetric
boundary conditions.
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Fig. 10. Geometry of the TPB specimen,W = 30 mm, a/W = 0.52, thickness = 15 mm.
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considerable difference between the results of local and nonlocal
damage models when the non-symmetric mesh design,
Fig. 11(b), is used for simulation of the ductile crack growth behav-
iour of the same TPB specimens. The orientation of the mesh is not
identical with the expected crack growth direction under plane
strain condition. If the failure behaviour of this specimen is simu-
lated with the local damage model, the crack tends to run out of
plane (i.e., in the direction which is parallel to the element borders)
as can be seen from Fig. 12(c). After some crack extension, the
crack tries to change the element layer. However, the numerical
instabilities lead to an abortion of the simulation in this example.
The effect that the predicted crack is following the element
boarders is due to the already discussed effect that, in the local for-
mulation, the crack is following one integration point layer. The
crack virtually jumps from integration point to integration point.
Due to this, the crack path is inﬂuenced by the arrangement of
the integration points in the elements. When using 8-node iso-
parametric elements with reduced Gauss integration, the crack
prefers to run along the element boarders, see for example
Fig. 12(c). In literature (Besson, 2010), often 4-noded elements
with full integration are chosen for the simulations involving 2D
plane strain condition.
The effect of the use of this type of element on the prediction of
crack growth may be probably the same as the case when 8-noded
2D quadrilateral element are used. However, the mesh orientation
can inﬂuence the predicted crack growth direction. In practice, this
is not a problem when specimens and components are symmetric
and the element boarders are parallel to the expected crack growth
direction. However, problem arises when the crack growth direc-
tion is inclined to the element edges because of several situation
such as mixed-mode loading conditions, different kind of materials(a)
Fig. 11. Finite element mesh at the crack-tip region of the TPB specimen. (a) Symmetric m
(b) non-symmetric mesh design (i.e., elements with edges inclined at an angle to the didue to presence of interfaces at arbitrary orientations, etc. More-
over, orientation of edges of elements is an artefact introduced
by the numerical procedure chosen and it has nothing to do with
the physical aspect of crack growth. Hence, the results of local
models which are inﬂuenced by the orientation of element edges
in front of crack-tip are non-physical and it is a major disadvantage
of such models. The aspect of mixed-mode loading is studied in de-
tail in the later subsection of this article.
With the nonlocal model, the same calculation predicts a crack
growth in the direction of the symmetry plane, Fig. 12(d), which
can also be observed in experiments. Hence, the problem of accu-
rate simulation of crack growth direction (which should not be
inﬂuenced by the orientation of the elements) has been resolved
here by the use of the new nonlocal model in this analysis.4.5. Inﬂuence of mixed mode loading on the calculated crack growth
direction
In engineering applications, the pre-cracked components are of-
ten loaded in mixed mode. A pure mode I load leads to a crack
growth parallel to the crack plane. The superposition of a mode II
load on mode I load leads to deﬂection of the crack from the crack
plane. For the simulation of a mixed mode load, the specimen
geometry proposed by Richard and Benitz (1983), has been used
in this work, Fig. 13(a). The specimen type will be called as CTS
specimen in the following discussion. The behaviour of this speci-
men type has been simulated with the use of local as well as the
nonlocal damage models.
The ﬁnite element mesh used in the simulation is shown in
Fig. 13(b). For the CTS specimen with a pure mode I load, both
the local and the nonlocal models predict a crack growth path par-
allel to the crack plane, Fig. 14(a) and (b). If the specimen is loaded
asymmetrically at an angle of 45 to the horizontal direction, the
crack is stressed with a mixed mode loading condition. The calcu-
lation with the local model predicts a crack growth direction nearly
parallel to the crack plane, Fig. 14(c),which is not physical and con-
tradict with experimental observation. The nonlocal model how-
ever predicts a crack growth direction which deﬂects clearly
from the symmetry plane (which would typically be expected in
an experiment under plane strain condition), Fig. 14(d).
The Inﬂuence of mixed-mode loading on the predicted load
elongation behaviour of the CTS specimen is shown in Fig. 15 for
both local and nonlocal damage models. The results of elastic–plas-
tic analysis (without damage) for mode-I and mixed-mode loading
cases are also shown in Fig. 15 for the purpose of comparison. It(b)
esh design (i.e., elements with edges parallel to the direction of crack propagation);
rection of crack propagation).
(a) (b)
(c) (d)
Fig. 12. Damage zone as predicted by the local and nonlocal Rousselier’s damage model for different mesh designs. (a) Symmetric mesh, local model; (b) symmetric model,
nonlocal mesh; (c) non-symmetric mesh, local model; (d) non-symmetric mesh, nonlocal model.
3376 M. Seidenfuss et al. / International Journal of Solids and Structures 48 (2011) 3365–3381can be noted that there is load-drop in the response predicted by
both the local and non-local model for mode-I loading.
There is no load-drop in the response predicted by the elastic–
plastic analysis for both mode-I and mixed-mode loading situa-
tions and this is as per expectation, because of non-consideration
of material degradation in the constitutive equations. However,
for mixed-mode loading, the local damage model does not predict
much load drop. This is because the crack path is not correctly pre-
dicted and hence, there is no signiﬁcant crack growth. However,
the nonlocal model is able to predict the load-drop successfully
and it is because of the ability of the model to predict the accurate
crack path depending upon the mixed-mode state of stress at the
crack tip. Hence, it is demonstrated that the local damage models
are quite inadequate in many arbitrary loading situations where
the crack path and loading state of stress are not known in advanceand hence, one cannot make suitable mesh design to capture the
crack path (this is in addition to its inadequacy with respect to
handling of arbitrary ﬁne mesh size). The nonlocal model inher-
ently captures this aspect and hence is of considerable appeal for
a reliable safety analysis.
4.6. Additional remarks
There is lot of discussion in literature (Bazˇant, 1991) regarding
the suitability of the integral type of nonlocal models vs. the gradi-
ent type of nonlocal models. The integral type of nonlocal models
need an additional procedure or algorithm to identify the Gauss
points, surrounding a given Gauss point, which lie within the ra-
dius of the material characteristic volume (Tvergaard and Needle-
man, 1995). This radius can also be called as the material
(a) 
(b) 
Fig. 13. Richards’s CTS specimen. (a) Geometry and loading conﬁguration (a controls the loading for mixed mode. a is zero for pure mode I and 90 for pure mode II loading
condition); (b) ﬁnite element mesh and its enlarged view near the crack-tip.
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use a search algorithm during the runtime. On the other hand, a
map of elements surrounding a given element within a character-
istic radius can be saved in an array and it can be used during the
computation of the weighted average value of the state variable.
However, this still needs an additional step and one needs to have
access to the variables of all the Gauss points in the FE mesh at
each iteration step. This incorporates additional computation bur-
den on these types of models. Nevertheless, this scheme cannot be
used in user-deﬁned material or user-deﬁned element subroutines
in commercial ﬁnite element codes as the user does not have ac-
cess to the global data inside the user-subroutine unless some spe-ciﬁc provisions are made. Hence, this requires the use of in-house
codes for the implementation.
For the gradient based nonlocal formulation, one needs to either
solve the additional partial differential equation (PDE) involving
the gradient of the local state variable (explicit type of gradient
models) or the gradient of the nonlocal state variable (implicit type
of gradient models) or the gradient of the state variable can be
solved through an alternative procedure. In this alternative proce-
dure (Meissonnier et al., 2001), the Gauss-point values of the state
variable are mapped into the nodal values and are stored in an ar-
ray so that the gradient can be calculated in the next iterative step.
However, the algorithm which solves the additional PDE through
Fig. 14. Damage zone as predicted by the local and nonlocal Rousselier’s damage model for different modes of loading of Richards’s CTS specimen. (a) Mode-I loading, local
model; (b) mode-I loading, nonlocal model; (c) mixed-mode loading, local model; (d) mixed-mode loading, nonlocal model.
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more elegant and stable as the response of the state variable at a
Gauss point is coupled to the response of the surrounding points
in a more natural way (though it requires the solution of an addi-
tional degree of freedom). We have followed this approach in our
work. Because of the nonlocal nature of the state variable, its value
cannot localise at a single layer of Gauss points as the surrounding
Gauss points will try to take the share of the material damage. This
makes the damage propagation a diffused process which is re-
stricted to a region characterised by the material length scale. This
is reason why the results of the nonlocal model as independent of
the size of FE mesh in the crack-tip region, insensitive to the use of
symmetric boundary conditions and independent of the orienta-
tion of element edges along the direction of crack growth.
It may be noted that we have derived the additional PDE involv-
ing the nonlocal damage from the integral deﬁnition by expanding
the void volume fraction in Taylor’s series. The odd terms (espe-
cially, the ﬁrst derivative) of the expansion have vanished in the ﬁ-
nal PDE because of the use of the symmetric Gaussian weight
function in the integral. This may not happen if other non-symmet-ric weight functions are used. Hence, it may not be always possible
to derive the gradient forms from the integral forms.
Another question that often arises is the performance of the
Rousselier’s model vis-à-vis that of the GTNmodel while simulating
ductile crack propagation. More often in literature, the modiﬁed
Gurson (i.e., GTN) model is used in local and nonlocal forms (Tverg-
aard, 1981; Sun et al., 1989; Feucht, 1998; Nonn and Kalwa, 2010).
Perhaps, this is due to the fact that the Gurson model was the older
one compared to the Rousselier’s model. Nevertheless, when deal-
ing with specimens with high stress-triaxialities in the tension re-
gime, many authors have shown that the models predicts very
similar results (Bauvineau et al., 1996; Decamp et al., 1997; Seiden-
fuss et al., 1998; Chang et al., 2005; Drabek and Böhm, 2005). This is
not surprising because the GTN yield function (Tvergaard, 1981)
uGTN ¼
q
R epeq
 
 !2
þ 2fq1 cosh
3
2
q2
ðpÞ
RðepeqÞ
 !
 1 q21f 2 ¼ 0 ð29Þ
can be transformed to a form which is comparable to that of the
Rousselier’s yield function. Assuming small void volume fractions
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Fig. 15. Inﬂuence of mixed model loading on the predicted load elongation behaviour of a CTS specimen.
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von-Mises equivalent stress will also nearly be same as the material
microscopic resistance RðepeqÞ and hence the ratio (q/R)2 can be
approximated as q/R) and large stress-triaxialities, Eq. (29) can be
transformed to the following form:
uGTN ¼ qþ 2q1RðepeqÞf exp
3
2
q2
ðpÞ
RðepeqÞ
 !
 RðepeqÞ ¼ 0 ð30Þ
This ‘modiﬁed’ GTN ﬂow function (under simpliﬁed assumptions) is
very similar to the one suggested by Rousselier, i.e.,
u ¼ q
1 f þ Drkf exp
p
ð1 f Þrk
 
 R epeq
 
¼ 0 ð31Þ
If we take rk ¼ ð2=3ÞRðepeqÞ; q2 ¼ 1 and q1 ¼ 43D, both the constitu-
tive models (i.e., GTN and Rousselier) provide very similar results
in the high stress triaxiality regime.
When going to lower triaxialities the predictions of the twomod-
els differ substantially. For stress triaxialities near to zero (pure shear
loading conditions), the GTN model predicts unrealistic high failure
strains. For this case of pure shear loading, no damage is computed.
In contrast to the GTNmodel, the Rousselier approach predictsmore
realistic failure strains even for pure shear loading situation.
On the other hand, in presence of pressure (compressive hydro-
static) loading, the Gurson model predicts a decreasing void vol-
ume fraction in contrast to the Rousselier model. The Rousselier’s
model in the original form was not able to predict any decrease
of void volume fraction due to compressive hydrostatic loading
as damage was considered as a thermodynamic irreversible quan-
tity and hence its increment is never less than zero. This stems
from the requirement of the second law of thermodynamics. How-
ever, Rice and Tracey’s void growth law was later added to evaluate
the damage parameter, which is same as the void volume fraction
in case of ductile fracture models incorporating void nucleation,
growth and coalescence. If the restriction for compressive hydro-
static loading (i.e., void volume fraction decreases due to the pure
hydrostatic compression and it is also taken care of by the Rice and
Tracey’s model) are included, the results in pure hydrostatic com-
pression should also improve for the Rousselier’s model. Another
key difference between the Gurson and Rousselier’s models is the
existence of a corner in the Rousselier’s yield surface under zero
hydrostatic stress. This corner very much affects the localisation
behaviour.One of the major problems of the use of damage models is the
unsolved issue of determination of the various material-dependent
parameters. For the complete GTNmodel, it is known that different
parameter combinations may lead to similar results (Bonora,
1999). Thomason stated that, due to the large number of adjustable
parameters, the models act like polynomial curve ﬁtting procedure
(Thomason, 1998). Due to this, future research work must be con-
centrated on ﬁnding material dependent parameters with a phys-
ical or micro-structural background.
Due to the coupled problem with an additional degree of free-
dom in case of nonlocal models, the computing time goes up signif-
icantly. The computing time for the nonlocal simulations is
approximately 10 to 20 times higher than that for the local formu-
lation. To get acceptable convergence behaviour, the number of
increments required in one full calculation (e.g., simulation of
C(T) specimen for a crack growth of around 3.5 mm) is more than
10,000. One of the causes of the bad convergence could be the fol-
lowing. In the element stiffness matrix, the elements which con-
sider the inﬂuence of damage (i.e., the elements which lie in the
crack growth region) are relatively small compared to the elements
describing the mechanical behaviour (i.e., elements which are
undamaged, are located in the remaining ligament and help the
component to carry the load). However, other mathematical based
reasons for the convergence behaviour may be explored. To im-
prove the convergence behaviour, the authors are currently work-
ing on different mathematical solution strategies.5. Summary and conclusions
In the work presented in this paper, a comparison between the
results of the local and nonlocal formulations of the Rousselier’s
damage model is presented. A summary of the works carried out
in this paper and conclusions from the results can be outlined as
follows.
 The basics of the nonlocal Rousselier’s damage model are
introduced.
 When the local formulation of the damage model is used, the
results were shown to be dependent on ﬁnite element mesh.
Only if the element size is related to the microstructure (i.e.,
ﬁxed for all the simulations), satisfactory predictions can be
made.
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mesh-independent. The effect of microstructure is included in
the material constitutive model with the help of the character-
istic length parameter Clength.
 If a structure is symmetric, only the half of it must be simulated
if corresponding symmetric boundary conditions are used. With
the local model, it was shown that different results are obtained
when simulations are carried out using full and the correspond-
ing symmetric half model. However, for the case of nonlocal for-
mulation, the results are the same for both the cases.
 Using the local damage model, the calculated crack growth
direction can be inﬂuenced by the orientation of the ﬁnite ele-
ment mesh. With the nonlocal formulation, the calculated crack
growth direction was shown to be independent of the mesh
used in the simulation.
 The non local model is also able to predict the crack growth
direction independent of the mesh size and orientation.
In conclusion it could be said that the local formulation of the
Rousselier model is able to predict the failure behaviour of most
specimens and components if the mesh size is coupled to the
microstructure and if the above restrictions are taken into account.
The nonlocal model, however, is much more powerful. The corre-
sponding restrictions with the use of the local formulation (as dis-
cussed above) are overcome when the nonlocal formulation is
used. The results of the nonlocal model are also independent of
mesh size. However, it must be stated, that the programming effort
for the nonlocal model is much more extensive and that the con-
vergence behaviour is worse.References
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